A second-order nonlinear differential equation, of which some solutions describe the static meniscus free surface the static liquid bridge free surface between the shaper and the crystal surface occurring in single crystal ribbon growth, is analyzed. The analysis is focusing on the dependence of the solutions of the equation on the pressure difference p across the free surface. Inequalities are deduced for p, which are necessary or sufficient conditions for the stable and convex free surface of a static meniscus. The obtained results are numerically illustrated in the case of a silicon single crystal ribbon growth. The advantage of these kinds of inequalities is that from them special results can be gleaned concerning the experiment planning and technology design. With this aim this study was undertaken.
Introduction
According to 1 , modern engineering needs crystals with prescribed shapes and sizes ribbon-, rod-, and tube-shaped crystals that allow one to use them as final products without additional machining. Therefore, crystals of specified sizes and shapes are required to be grown from the melt. This problem appears to be solved by profiled-container crystallization, as in the case of casting. However, this solution is not always acceptable. Container material needs to satisfy a certain set of requirements: they should neither react with the melt nor be wetted by it, they should be high-temperature and aggressive-medium resistant, and so forth. Even if all these requirements are satisfied, perfect-crystal growth is not assured and growing thin plate-shaped crystals from the melt exclude container application completely. There are several growth techniques from the melt which allow the shaping of the lateral crystal surface without contact with the container walls, Czochralski technique, Stepanov technique, edge-defined film-fed growth EFG technique, and various modifications thereof. Absence of contact between the crystallizing substance and the crucible walls in these techniques enables improvement of crystal structures and a decrease in mechanical stress levels. For these techniques the shapes and the dimensions of the crystals grown are controlled by the interface meniscus-shaping capillary forces and by heat-and mass-exchange conditions in the melt-crystal system. Absence of rigid shaping leads to the advantage mentioned above but causes a number of problems. As the crystal is not restricted by the crucible walls, its cross-section depends upon the growing parameters. Any deviation of the growth rate, temperature conditions results in crystal crosssection changes.
A brief description of the shaped crystal growth process by EFG technique is the following. A shaper in which a capillary channel is manufactured is introduced in the melt. Through the capillary channel, the melt moves from the crucible to the upper surface of the shaper where a thin film is formed. The boundary of this film is attached to the edge of the shaper. When a small piece of crystal called the seed hereafter is immersed into this film, an equilibrium melt column embracing the surface of the seed immersed is formed. The column formation and catching are caused by the capillary forces present. Such a liquid configuration is usually called a meniscus. Let the temperature of the meniscus upper horizontal section be equal to the temperature of melt crystallization, that is, above the plane of this section the melt transforms into a solid phase. Now, we set the liquid phase into upward motion with the constant rate, ν, keeping the position of the phase-transition plane invariable by selection of the heat conditions. When the motion starts, the crystallized portion of the meniscus will continuously form a solid upward or downward tapering body. In the particular case when the line tangent to the liquid meniscus free surface at the phase-transition level makes a specific angle α g α g angle of growth material constant with the vertical, and the tangent to the liquid meniscus free surface at the edge of the shaper makes a specific angle α c α c contact angle material constant with the horizontal, the crystallized portion of the meniscus will have constant cross-section equal to the meniscus-section at the crystallization plane level.
Therefore, to grow a crystal with specific shape and cross-section by EFG technique, a corresponding shaper design should be selected and it should be ensured that the meniscus free surface satisfies the above conditions concerning the growth angle α g and the contact angle α c during the pulling process.
For a single crystal ribbon, rod and tube growth by the edge-defined film-fed growth EFG technique, in hydrostatic approximation the free surface of the static meniscus is described by the Laplace capillary equation 1, 2 :
Here γ is the melt surface tension, ρ denotes the melt density, g is the gravitational acceleration, R 1 , R 2 denote the main radii of the free surface curvature at a point M of the free surface, z is the coordinate of M with respect to the Oz axis, directed vertically upwards, and p is the pressure difference across the surface
Here p m denotes the pressure in the meniscus melt, p g denotes the pressure in the gas, and H denotes the melt column height between the horizontal crucible melt level and the shaper top level see Figure 1 .
To calculate the meniscus surface shape, it is convenient to employ the Laplace equation, represented in 1.1 , in its differential form. This form of 1.1 can be obtained as a necessary condition for the minimum of the free energy of the melt column. For the growth of a single crystal ribbon of half thickness x 1 , 0 < x 1 < x 0 , the differential equation for plan symmetric meniscus surface is given by the formula 1 :
which is the Euler equation for the free energy functional 1
Up until 1993-1994, knowledge concerning the dependence of the shape of the meniscus free surface on the pressure difference p across the free surface for small and large Bond numbers in the case of the growth of single crystal rods by the EFG technique is summarized in 1 . According to 1 , for the general differential equation describing the free surface of the meniscus, there is no complete analysis and solution. For the general equation, only numerical integrations were carried out for a number of process parameter values that were of practical interest at the time. In 3 , the authors investigate the pressure influence on the meniscus shape for rods, in the case of middle-range Bond numbers i.e., B 0 1 which most frequently occurs in practice and has been left out of the regular study in 1 . They use a numerical approach in this case to solve the meniscus surface equation written in terms of the arc length of the curve. The stability of the static meniscus free surface is analyzed by means of the Jacobi equation. The result is that a large number of static menisci having drop-like shapes are unstable.
The authors of papers 4, 5 consider automated crystal-growth processes based on weight sensors and computers. They give an expression for the weight of the meniscus, in contact with crystal and shaper of arbitrary shape, in which there are terms related to the hydrodynamic factor. In 6 , Rosolenko shows that the hydrodynamic factor is too small to be considered in the automated crystal-growth; and it is not clear which equation of non-Laplace type was considered in 4, 5 for the meniscus surface.
In 7 , the dependence of the static meniscus free surface shape on the pressure change p is analyzed using an approximate meniscus shape for ribbons and p ≥ 0.
In this paper, the meniscus shape, described by 1.2 , is analyzed as a function of p and its static stability is investigated.
Meniscus shape analysis in the case of ribbon growth
Consider the differential equation
Here α c represents the contact angle between the meniscus free surface and the shaper; and α g represents the growth angle of the single crystal ribbon. Both are material constants.
The conditions α c < π/2 − α g and α g ∈ 0, π/2 are verified in the growth of classical semiconductor materials, when the shaper is not wetted by the melt. 
iii z x 0 0 and z x is strictly decreasing on x 1 , x 0 .
The described free surface is convex on x 1 , x 0 if in addition the following inequality holds:
Comment
Conditions i and ii insure that at the left and right ends of the meniscus, the necessary conditions for obtaining a ribbon with constant cross-section are verified. Condition iii insures that the right end of the meniscus is attached to the edge of the shaper and corresponds to the situation when the temperature decreases if z increases. 
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Proof. Let z x be a solution of 2.1 , which describes the convex free surface of a static meniscus on the closed interval x 1 , x 0 and α x − arctan z x . The function α x verifies
and the boundary conditions
Hence, by the mean value theorem, there exists x ∈ x 1 , x 0 such that the following equality holds:
On the other hand, from z" x > 0 for all x ∈ x 1 , x 0 , it follows that z x is strictly increasing and α x − arctan z x is strictly decreasing on x 1 , x 0 . Therefore, on the closed interval x 1 , x 0 the following inequalities hold:
Inequalities 2.6 imply
2.8
and the inequalities 2.7 , by integration on the closed interval x , x 0 , imply
From 2.5 , 2.8 , and 2.9 it follows that for p the inequalities 2.2 hold.
Consequences
If x 1 x 0 /n, with n > 1, then the inequalities 2.2 can be written as
2.10
If n → ∞, then x 1 → 0 and 2.10 becomes
2.11
If n → 1, then x 1 → x 0 and p → −∞. 
then there exists x 1 , x 1 ∈ x 0 /n, x 0 such that the solution z x of the initial value problem
2.13
on the interval x 1 , x 0 describes the convex free surface of a static meniscus.
Proof. Let us consider the maximal interval I on which the solution of the initial value problem 2.13 exists.
Since p < 0 we have
14 and there exists x ∈ I, x < x 0 such that for any x ∈ x , x 0 the following inequalities hold:
2.15
Let x * be now defined by x * inf x ∈ I | x < x 0 such that for any x ∈ x , x 0 inequalities 2.15 hold .
2.16
Now we show that x * is finite, that is, x * > −∞. For this purpose, consider an arbitrary x such that x * < x < x 0 . For every x such that x ∈ x , x 0 we have − tan π/2 − α g < z x ≤ − tan α c and hence,
Therefore, using 2.13 , we deduce that z x satisfies
Hence,
and, in particular,
S. Balint and A. M. Balint 7
Assuming that x * −∞, we can choose x such that
and obtain in this way that z x < − tan π/2 − α g , which is clearly false. It follows in this way that x * > −∞.
Since for x > x * and x tending to x * , z x and z x have finite limits which satisfy
2.22
We can consider z x * 0 , z x * 0 and the initial value problem corresponding to these initial data. The solution of this initial value problem extends the solution of the initial value problem 2.13 and so it follows that x * belongs to I. Considering the values of z" x * and z x * , it is clear that they have to satisfy the following inequalities:
2.23
Due to the fact that x * is infimum, one of the above inequalities has to be equality. The equality z" x * 0 implies that ρ · g · z x * p. This equality is impossible because p < 0 and ρ · g · z x * > ρ · g · x 0 − x * · tan α c > 0. The equality z x * 0 is impossible because z x * ≤ − tan α c < 0. It follows in this way that the following equality holds:
2.24
In order to show that x * belongs to the interval x 0 /n, x 0 , we apply the mean value theorem for α x defined in the proof of Theorem 2.2 and write the equality
where,
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2.27
From 2.27 , we obtain
Inequality 2.28 shows that x * ∈ x 0 /n, x 0 . Taking x 1 x * we obtain the conclusion of the theorem.
Remark 2.4. If for n > n > 1 and p the following inequalities hold:
2.29
then there exists x 1 ∈ x 0 /n, x 0 /n such that the solution z x of the initial value problem 2.13 on the interval x 1 , x 0 describes a convex free surface of a static meniscus. The existence of x 1 and the inequality x 1 ≥ x 0 /n follows from Theorem 2.3. The inequality x 1 ≤ x 0 /n follows from Theorem 2.2. The objective is to illustrate numerically the inequalities obtained in the theoretical part and to see if the necessary conditions are also sufficient conditions or if the sufficient conditions are also necessary. Moreover, the above data are realistic 7, 8 and the computed results can be tested against those obtained experimentally in order to evaluate the accuracy of the theoretical predictions. This comparison is not the subject of this paper. Inequality 2.2 is a necessary condition for the existence of the convex free surface of a static meniscus on the closed interval x 1 , x 0 x 1 > 0 . Is this condition also sufficient? Computation shows that for the considered numerical data, the inequality 2.2 becomes −2666.4 Pa ≤ p ≤ −562.2 Pa .
Numerical integration of the initial value problem 2.13 shows that for p −2666; −1560 Pa there exists x ∈ x 1 , x 0 such that the solution of the initial value problem is the convex free surface of a static meniscus on x , x 0 , but for p −1400 Pa there is no x ∈ x 1 , x 0 such that the solution of the initial value problem is a convex meniscus on x , x 0 Figures 2 and 3 .
Consequently, condition 2.2 is a necessary one, but it is not sufficient. Inequality 2.11 is a necessary condition for the existence of a point x ∈ 0, x 0 such that the solution of the initial value problem 2.13 is a convex free surface of a static meniscus on the closed interval x , x 0 . Is this condition also sufficient? Computation made using the same numerical data shows that in this case inequality 2.11 becomes −1777 Pa ≤ p ≤ −353.810 Pa .
Numerical integration of the initial value problem 2.13 shows that for p −1777; −1570 Pa there exists x ∈ 0, x 0 such that the solution of the initial value problem is a convex free surface of a static meniscus on x , x 0 ; but for p −900; −777 Pa there is no x ∈ 0, x 0 such that the solution of the initial value problem 2.13 is a convex free surface of a static meniscus on x , x 0 Figures 4 and 5 .
Consequently, the inequality 2.11 is not a sufficient condition. Inequality 2.12 is a sufficient condition for the existence of a point x in the interval x 0 /n, x 0 such that the solution of the initial value problem 2.13 is a convex free surface of a static meniscus on the interval x , x 0 . Is this condition also a necessary condition? S. Balint and A. M. Balint Computation made using the same numerical data shows that in this case n 3 inequality 2.12 becomes p < −2666.3 Pa . We have already obtained, by numerical integration, that for p −1.777 · 10 3 Pa , there exists x ∈ x 0 /3, x 0 such that the solution of the initial value problem 2.13 is a convex free surface of a static meniscus on the interval x , x 0 . Consequently, the inequality 2.12 is not a necessary condition. Inequality 2.38 is a sufficient condition which assures that the solution of the initial value problem 2.13 is concave on 0, x 0 . Is this condition also a necessary condition?
Computation made using the same numerical data shows that inequality 2.38 becomes p > 4.248 Pa . Numerical integration of the initial value problem 2.13 shows that for p 4 Pa the solution of the initial value problem 2.13 is convex at the left-hand side and concave at the right-hand side on 0, x 0 ; and for p 5 Pa the solution of the initial value problem 2.13 is concave on 0, x 0 Figures 6 and 7 .
Consequently, in this particular case from practical point of view inequality 2.38 is also a necessary condition.
Conclusions
1 The formulas, which were established for a general configuration and an arbitrary material, are useful in the experiment design by predicting the values of the pressures p which have to be or can be used in order to obtain i stable static menisci corresponding to a given contact angle α c , growth angle α g , and ribbon half thickness x 1 formula 2.2 Theorem 2.2 and formulas 2.10 ; 2.11 ,
ii stable static menisci corresponding to a given contact angle α c and growth angle α g on which the growth angle is realized in a prescribed region formula 2.12 Theorem 2.3 and formula 2.29 , and iii globally concave surfaces on which the growth angle α g is not realized.
2 The numerical illustrations show that the obtained necessary conditions in general are not sufficient conditions and the obtained sufficient conditions in general are not necessary conditions.
